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Peter D. Lax

Like most mathematicians, I became fascinated with mathematics early, about age
ten. I was fortunate that my uncle could explain matters that puzzled me, such as
why minus times minus is plus—it follows from the laws of algebra.
Mathematics had a deep tradition in Hungary, going back to the epoch-making
invention of non-Euclidean geometry by János Bolyai, an Hungarian genius in the
early 19th century. To this day, the Hungarian mathematical community seeks out
mathematically talented students through contests and a journal for high school students. Winners are then nurtured intensively. I was tutored by Rose Peter, an outstanding logician and pedagogue; her popular book on mathematics, “Playing with
Infinity” is still the best introduction to the subject for the general public.
At the end of 1941 I came to the US with my family, sailing from Lisbon on
December 5, 1941. It was the last boat to America; I was 15 years old. My mentors
wrote to Hungarian mathematicians who had already settled in the US, asking them
to take an interest in my education. They were very supportive.
I finished my secondary education at Stuyvesant High School, one of the elite
public schools in New York City; its graduates include many distinguished mathematicians and physicists. For me the important thing was to learn English, and the
rudiments of American history. In the meanwhile I visited from time to time Paul
Erdős at the Institute for Advanced Study at Princeton. He was extremely kind and
supportive; he would give me problems, some of which I managed to solve. My first
publication, in 1944, was “Proof of a conjecture of P. Erdős on the derivative of a
polynomial”.
At the suggestion of Gabor Szegő I enrolled at New York University in the Spring
of 1943 to study under the direction of Richard Courant, widely renowned for nurturing young talent. It was the best advice I ever received. But my studies came to
a temporary halt in June 1944, when I was drafted into the US Army. I became an
American citizen during my basic training.
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(b)

(c)

I was then sent to Texas A & M to study engineering. There I passed the preliminary test in calculus with flying colors, and together with another soldier with
similar background was excused from the course. Professor Klipple, a former student of R.L. Moore, generously offered to conduct just for the two of us a real
variables course in the style of R.L. Moore. I learned a lot.
In June, 1945 I was posted to Los Alamos, the atomic bomb project. It was like
living science fiction; upon arrival I was told that the whole town of 10,000 was
engaged in an effort to build an atomic bomb out of plutonium, an element that does
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(d)
With Lori Courant on the day I was notified about the Abel Prize

not exist in nature but was manufactured in a reactor at Hanford, WA. The project
was led by some of the most charismatic leaders of science. I was assigned to the
Theoretical Division; I joined a number of bright young soldiers, Dick Bellman,
John Kemeny, Murray Peshkin and Sam Goldberg.
Von Neumann was a frequent consultant; each time he came, he gave a seminar
talk on mathematics. He had little time to prepare these talks, but they were letter
perfect. Only once did he get stuck; he excused himself by saying that he knew three
ways of proving the theorem, but unfortunately chose a fourth.
Enrico Fermi and Niels Bohr were also consultants; since they were closely associated with nuclear physics, Security insisted that they use code names; Fermi
became Henry Farmer, Bohr Nicholas Baker. At a party a woman who had spent
some time in Copenhagen before the war recognised Bohr, and said “Professor
Bohr, how nice to see you”. Remembering what Security had drilled into him, Bohr
said “No, I am Nicholas Baker”, but then immediately added “You are Mrs Houtermans”. “No”, she replied, “I am Mrs Placzek”. She had divorced and remarried in
the meantime.
I returned to New York University in the Fall of 1946 to get my undergraduate
degree, and simultaneously to continue my graduate studies. I joined an outstanding
class of graduate students in mathematics, Avron Douglis, Eugene Isaacson, Joe
Keller, Martin Kruskal, Cathleen Morawetz, Louis Nirenberg and Anneli Kahn.
I got my PhD in 1949 under the direction of K.O. Friedrichs, a wonderful mathematician and a delightful, idiosyncratic person. He kept his life on a strict schedule;
he knew that this was absurd, but it worked for him. When a graduate student of his
repeatedly delayed finishing his dissertation, I explained to Friedrichs that the student was very neurotic. That seemed to him no excuse; “Am I not just as neurotic?”,
he said, “yet I finish my work”.
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In the course of some research we did jointly, I found a reference in a Russian
journal. Friedrichs said that he knew the alphabet, a couple of hundred words, and
the rudiments of Russian grammar, and was willing to read the paper. I was worried
about the language barrier, but Friedrichs said: “That it is in Russian is nothing; the
difficulty is that it is mathematics”.
Anneli and I married in 1948; our first child, John, was born in 1950. We spent
part of 1950/51 at Los Alamos. We returned to New York in the fall of ’51 to take
up an appointment as Research Assistant Professor, in the mathematics department
of New York University. I remained in the department for nearly fifty years, basking
in the friendly collegial atmosphere of the place.
In the fifties I spent most of my summers at Los Alamos. At that time under the
leadership of von Neumann, Los Alamos was the world leader in numerical computing and had the most up-to-date computers. I became, and remained, deeply involved in problems of the numerical solutions of hyperbolic equations, in particular
the equations of compressible flow.
In 1954 the Atomic Energy Commission placed a Univac computer at the
Courant Institute; it was the first supercomputer, with a thousand words of memory. Our first task was to calculate the flood stages on the Columbia river in case
the Grand Cooley dam were destroyed by sabotage. The AEC wanted to know if the
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(f) In front of the UNIVAC in 1954. From left: Peter Lax, Gen. Willoughby (adjutant of
Gen. MacArthur), Lazer Bromberg (Director of Courant Computing Center), Gus Kinzel
(Chairman of Courant Council), Richard Courant, James Rand (CEO of Remington-Rand),
Gen. MacArthur, Henry Heald (President of NYU), Gen. Groves (Head of the Manhattan Project),
Gen. Howley (Commander of the Berlin airlift, Vice President at NYU)

Hanford reactor would be flooded. Originally the Corps of Engineers was charged
with this task, but it was beyond their capabilities. The team at the Courant Institute,
led by Jim Stoker and Eugene Isaacson, found that the reactor would be safe.
The Univac was manufactured by the Remington–Rand Corporation. The official
installation of the computer at New York University was a sufficiently important
event for James Rand, the CEO, to attend and bring along some members of his
Board of Directors, including the chairman, General Douglas McArthur, and General Leslie Groves. In his long career General McArthur had been Commandant of
the Corps of Engineers; he was keenly interested in our calculations, and grasped
the power of modern computers.
The postwar years were a heady time for mathematics, in particular for the theory of partial differential equations, one of the main lines of research at the Courant
Institute as well as other institutes here and abroad. The subject is a wonderful mixture of applied and pure mathematics; most equations describe physical situations,
but then take on a life of their own.
Richard Courant retired as Director of the Institute in 1958, at the age of 70. His
successor was Jim Stoker who accomplished the crucial task of making the Institute
part of New York University by securing tenure for its leading members.
After Stoker retired, the younger generation took over, Jürgen Moser, Louis
Nirenberg, the undersigned, Raghu Varadhan, Henry McKean, Cathleen Morawetz,
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and others; our present Director is Leslie Greengard. Significant changes took place
during these years, but the Institute adhered to the basic principle that had guided
Richard Courant: not to pursue the mathematical fashion of the day (“I am against
panic buying in an inflated market”) but to hire promising young people. Also, for
Courant mathematics was a cooperative enterprise, not competitive.
In the sixties Ralph Phillips and I embarked on a project to study scattering theory. Our cooperation lasted 30 years and led to many new results, including a reformulation of the theory. This reformulation was used by Ludvig Faddeev and Boris
Pavlov to study automorphic functions; they found a connection between automorphic scattering and the Riemann hypothesis.
Also in the sixties Martin Kruskal and Norman Zabusky, guided by extensive numerical computations, found remarkable properties of solutions of the Korteweg–de
Vries equation. These eventually led to the discovery that the KdV equation is completely integrable, followed by the discovery, totally unsuspected, of a whole slew
of completely integrable systems. I had the pleasure and good luck to participate in
this development.
In 1970 a mob protesting the Vietnam war invaded the Courant Institute and
threatened to blow up our CDC computer. They left after 48 hectic hours; my colleagues and I in the Computing Center smelled smoke and rushed upstairs just in
time to disconnect a burning fuse. It was a foolhardy thing to do, but we were too
angry to think.
In 1980 I was appointed to a six year term on the National Science Board, the
policy making body of the National Science Foundation. It was an immensely gratifying experience; I learned about issues in many parts of science, as well as about
the politics of science. My colleagues were outstanding scientists and highly colorful characters.
By the time the eighties rolled around, the Government no longer placed supercomputers at universities, severely limiting the access of academic scientists to
computing facilities. My position on the Science Board gave me a chance to remedy this intolerable situation. A panel I chaired recommended that the NSF set up
regional Computing Centers, accessible to distant users through high capacity lines.
The Arpanet Project, the precursor of the Internet, demonstrated the practicality of
such an arrangement.
I have always enjoyed teaching at all levels, including introductory calculus. At
the graduate level my favorite courses were linear algebra, functional analysis, and
partial differential equations. The notes I have prepared while teaching formed the
basis of the books I have written on these subjects.
I supervised the PhD dissertations of 55 graduate students; many have become
outstanding mathematicians. Some became close personal friends.
I retired from teaching in 1999, shortly after reaching the age 70. According to
a US law passed in 1994, nobody can be forced to retire on account of age in any
profession, including teaching at a university. This sometimes had unwelcome consequences, such as the case of a professor at a West Coast university who stayed on
the faculty well into his seventies. Eventually his colleagues petitioned the administration to retire him on the ground that he is a terrible teacher. At a hearing he had a
chance to defend himself; his defense was, “I have always been a terrible teacher”.
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In retirement I occupy myself by writing books, and by continuing to puzzle
over mathematical problems. I receive invitations to visit and lecture at mathematical centers. I attend the annual meeting of the American Mathematical Society.
I spend a lot of time with my friends and my family, including three rapidly growing grandsons. Anneli died in 1999; Lori Courant and I were fortunate to find each
other, and we are living happily ever after.
Mathematics is sometimes compared to music; I find a comparison with painting
better. In painting there is a creative tension between depicting the shapes, colors
and textures of natural objects, and making a beautiful pattern on a flat canvas.
Similarly, in mathematics there is a creative tension between analyzing the laws of
nature, and making beautiful logical patterns.
Mathematicians form a closely knit, world wide community. Even during the
height of the Cold War, American and Soviet scientists had the most cordial relations
with each other. This comradeship is one of the delights of mathematics, and should
serve as an example for the rest of the world.
Added by the Editors: One can find an interview with Peter and Anneli Lax in
More Mathematical People (D.J. Albers, G.L. Alexanderson, and C. Reid, eds.),
Hartcourt Brace Jovanovich Publishers, Boston, 1990.

A Survey of Peter D. Lax’s Contributions
to Mathematics
Helge Holden and Peter Sarnak

1 Introduction
Peter D. Lax has given seminal contributions to several areas of mathematics. In this
paper we have decided to organize our discussion according to his Selected Papers,
edited by P. Sarnak and A. Majda, and published in two volumes by Springer in
2005 [L215]–[L216].1 We have benefited from the comments given there. As it
is impossible to cover his entire contributions to many areas of pure and applied
mathematics, we have tried to make a selection of some of the highlights of a career
that spans more than six decades. His research is marked by original and concise
analysis, using elementary means whenever possible (but he is never shy of using
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advanced techniques if required) to reveal new and fundamental relations. Thus his
research never goes out of vogue.
Lax has been a key figure in the development of numerical methods for partial
differential equations and scientific computing since its inception in the aftermath
of World War II at Los Alamos to the present prolific use of computer simulations in
all areas of science and technology. Lax has always stressed the interplay between
mathematical analysis and numerical experiments, as a source of mutual inspiration. Indeed, Lax once remarked [1] that “Computer simulations play a big role [in
mathematics]. After all, the great mathematician G.D. Birkhoff believed all his life
that the ergodic hypothesis was true and devoted much of his life to studying it. If
he had been able to take one look at a computer simulation, he would have seen
that it wasn’t so”. In [L157] he elaborated further “It is impossible to exaggerate
the extent to which modern applied mathematics has been shaped and fueled by the
general availability of fast computers with large memories. Their impact on mathematics, both applied and pure, is comparable to the role of telescopes in astronomy
and microscopes in biology”.
From 1980 to 1986, Peter Lax chaired the National Science Board which was
highly instrumental in making supercomputers available to university scientists
while stressing the importance of further research in the area. The Lax Report, or as
its official name reads, “Report of the Panel on Large Scale Computing in Science
and Engineering”, from 1982, under the sponsorship of the Department of Defense
and the National Science Foundation (NSF), was very influential in stressing the
importance of the enhanced use of supercomputers in science and engineering, and
by necessity, increased research in computational mathematics. Furthermore, it led
to the establishment of NSF’s five national computing centers as well as NSFnet.
In addition to the research papers, Peter Lax has written a number of books, including a university calculus book [L132], a book on linear algebra [L182] (two editions), a book on functional analysis [L205], two books on scattering theory [L53]
(two editions), [L94], two books on hyperbolic differential equations [L83, L222],
and lecture notes on partial differential equations [L5]. Furthermore, he has shown
his exceptional ability as an expositor in a number of survey papers, both technical
and nontechnical. For the paper [L46] on numerical solutions of partial differential
equations, he received the Lester R. Ford Award of the Mathematical Association of
America, and for the survey paper [L79] on shock waves, he received the Chauvenet
Prize as well as the Lester R. Ford Award, both of the Mathematical Association of
America. He has written several papers where he revisits old theorems from a new
angle and always with an elegant twist, the latest being a new proof of Cauchy’s
integral theorem [L225]. In addition, he has written a number of portraits and obituaries of fellow scientists, showing a deep sense of human values, and a gift for
exposition. We refer to the list of publications.
We end this introduction with a brief discussion of Peter’s first paper [L1], written
when he was 17 years old, and published in the country where he had newly arrived,
and where he would remain for the rest of his career. In the paper he resolves a
conjecture by his compatriot Erdős. If P is a polynomial of degree n, Bernstein’s
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inequality asserts that
max |P  (z)| ≤ n max |P (z)|.

|z|≤1

|z|=1

(1.1)

The inequality turns into an equality if and only if P (z) = azn . Erdős conjectured
that if P had no zeros in |z| < 1, then the n could be replaced by n/2, with equality
for P (z) = (zn + 1)/2. In his first paper, Lax elegantly proved this conjecture.
It is perhaps fitting to end this introduction with Peter Lax’s advice to the young
generation [L157] “I heartily recommend that all young mathematicians try their
skill in some branch of applied mathematics. It is a gold mine of deep problems
whose solutions await conceptual as well as technical breakthroughs. It displays an
enormous variety, to suit every style; it gives mathematicians a chance to be part of
the larger scientific and technological enterprise. Good hunting!”

2 Partial Differential Equations—General Results
A substantial part of Lax’s work has been in partial differential equations. In this
section we collect some of his more general results. More specific results, concerning difference approximations, hyperbolic equations, and integrable systems, are
treated in separate sections.
The Lax–Milgram theorem was proved in [L11].2 Although only a slight extension of the Riesz representation theorem and easily proved, it has turned out to be
exceptionally useful, and it is now a household theorem in textbooks. In a slightly
more general version (cf. [p. 57, L205]) it reads:
Theorem 2.1 Let H be a Hilbert space. Assume that B : H × H → C satisfies:
(i) B(x, y) is linear in x for each fixed y, and B(x, y) is skew linear in y for each
fixed x.
(ii) B is bounded, i.e., |B(x, y)| ≤ C1 x y for some constant C1 .
(iii) B is bounded from below, i.e., |B(x, x)| ≥ C2 x2 for some positive constant C2 .
Then the following assertion holds: For any bounded linear functional  on H there
exists a unique y ∈ H such that
(x) = B(x, y),

x ∈ H.

2 Lax describes the background as follows [p. 116, L215]: “Arthur Milgram was an excellent topol-

ogist at the University of Minnesota. . . . We became friends, and he asked me for a problem to work
on. I explained to him how variational arguments can be used to extend self-adjoint operators that
are bounded from below, but that there is no known method for dealing with operators that are not
symmetric. After some thought he came up with this theorem”.
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As an example of an application of the Lax–Milgram theorem we mention the
following [26, Sect. 6.2]: Define the operator
B(u, v) =

 
n
 j,k=1

a uxj vxk +
jk

n



b uxj v + cuv dx,
j

u, v ∈ H01 (), (2.1)

j =1

where  is an open and bounded subset of Rn , and a j k , bj , c are bounded functions.
Define L by
n
n


 jk 
a uxj x +
bj uxj + cu.

Lu = −

k

(2.2)

j =1

j,k=1

Then it follows from the Lax–Milgram theorem that there exists a number γ ≥ 0
such that for each μ ≥ γ and each f ∈ L2 () there exists a unique weak solution
u ∈ H01 () of the boundary-value problem
Lu + γ u = f in ,

u = 0 on ∂.

(2.3)

In the short paper [L18], Lax and Courant considered the propagation of singularities in hyperbolic systems, and they showed that discontinuities in the initial data on
a spacelike manifold are propagated along characteristics. The problem was studied
from a more general point of view by Lax in the pioneering paper [L23], and a major
step forward was taken by his analysis of asymptotic solutions of oscillatory initial
value problems for first-order hyperbolic equations. The paper represents the genesis of the theory of Fourier integral operators (see [38, 39]), microlocal analysis and
semiclassical limits. In typical fashion, Lax’s analysis in [L23] is novel and crisp,
and uses elementary methods, unmistakably his fingerprint. To be more precise, he
considers first-order hyperbolic systems on Rm × R given by
Mu = Ut +

m


Aj uxj + Bu,

u = u(x, t) ∈ Rn ,

(2.4)

j =1

where Aj and B are n × n matrices with entries that are C ∞ functions of (x, t) ∈
Rm × R. It is assumed that in a neighborhood of the hyperplane t = 0 the operator
M is space-like in the sense that all eigenvalues of the matrix
M(p1 , . . . , pm ) =

m


pj Aj ,

(2.5)

j =1

are real and distinct for all pj ∈ R. Lax assumes that the initial data are given as
u|t=0 (x, 0) = eiξ (x,0) φ(x),

(2.6)
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and he posits that the solution of Mu = 0 takes the form
u(x, t) ∼ eiξ (x,t)

∞


vk (x, t)ξ −k .

(2.7)

k=0

The natural next step is to insert the ansatz (2.7) into the equation Mu = 0, and
solve recursively for powers of ξ −k . That gives the well-known eikonal equation
of geometric optics. If λ = λ(x, t, p1 , . . . , pm ) denotes an eigenvalue for the matrix
M, we obtain the first-order nonlinear scalar equation
λt = λ(x, t, ∇x ),

(2.8)

which can be solved for small t by the standard method of characteristics, which are
the bi-characteristics of the original equation. The functions vk are determined by
solving the corresponding transport equations. Next he expands the δ function as in
(2.6), a result that is used to construct a fundamental solution of (2.4) up to a smoothing operator. More precisely, for any natural number n, Lax provides a distributional
kernel Kn (t, x, y) which differs from the fundamental solution K(t, x, y) by a function that is C n+1 in all variables. The fundamental solution is used to derive properties regarding the propagation of singularities for (2.4). This theory was further
developed 15 years later by, e.g., Hörmander and Duistermaat (see, e.g., [23, 39]).
To show the power of Lax’s method one may consider the following example:
Let X be a smooth compact Riemannian manifold of dimension ν, and let be the
Laplace–Beltrami operator on X. We can then find an orthonormal basis of eigenfunctions φj with corresponding eigenvalues kj2 , thus,
− φj = kj2 φj .

(2.9)

Consider next the hyperbolic wave equation
utt =

u,

u(x, 0) = δ(x, y),

ut (x, 0) = 0

(2.10)

on R × X. The fundamental solution equals
K(t, x, y) =

∞


cos(kj t)φj (x)φj (y).

(2.11)

j =0

The Lax construction yields the singular part of K(t, x, y) for small t, which allows
for investigation of asymptotic behavior of sums like

φj (x)φj (y) as λ → ∞.
(2.12)
λ≤kj ≤λ+1

Applications include, e.g., Weyl’s law with remainder [39]. More precisely,

N (λ) =
1 = (2π)−ν cν Vol(X)λν + O(λν−1 ).
(2.13)
kj ≤λ
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These results are sharp for a ν-dimensional sphere with its standard metric. However, if X has negative curvature, the results are not sharp. One problem is to understand (2.12) with shorter sums where λ ≤ kj ≤ λ + 1 is replaced by λ ≤ kj ≤
λ + η(λ) with η(λ) ∼ λ−α for some α positive. This is still a major challenge in the
area. See [24] and the more recent [68].
It is by now well-known that quasilinear systems of hyperbolic equations develop
singularities in finite time, even for smooth initial data,3 but in the early days of the
theory, rigorous general results were absent. While it is fairly easy to see in the scalar
case, it is considerably more difficult to establish this in the case of systems. In [L41]
Lax applies a simple argument that provides the first rigorous proof for breakdown
of solution, by analyzing the Riemann invariants in the genuinely nonlinear case
(see Sect. 4), in the case of a 2 × 2 system. A similar result was also obtained
by Oleı̆nik [55]. Klainerman and Majda extended the work by Lax to the linearly
degenerate case [44].
In a joint paper with Nirenberg [L48], Lax studies Gårding’s inequality in the
context of difference operators in order to show stability of difference schemes.
The sharp Gårding inequality reads as follows. Consider a differential operator
A = a(x, D) where a(x, ξ ) is an n × n Hermitian matrix whose elements are polynomials in ξ . If a(x, ξ ) is homogeneous in ξ of degree r, smooth, and positive
definite, then the sharp Gårding inequality states that there exists a constant K such
that
Re(Au, u) ≥ −Ku2(r−1)/2 .

(2.14)

In [L48] Lax and Nirenberg provide a new proof in the matrix case, extending the
proof by Hörmander [37] in the scalar case. The discrete version considers difference operators of the form

Pδ =
pα (x)T α
(2.15)
α

where α is a multi-index,
denotes the shift operator (T α u)(x) = u(x + δα),
and pα (x) are m × m matrix functions of x. If the symbol p(x, ξ ) of Pδ is sufficiently smooth, and is an Hermitian and nonnegative matrix for every (x, ξ ), i.e.,
p(x, ξ ) ≥ 0, then
Tα

Re Pδ ≥ −Kδ

(2.16)

for some constant K. The result is used to infer the stability of a class of difference
schemes.
Peter Lax’s name is associated with several other quantities, that we for reasons
of brevity are unable to discuss in detail. We mention the following: The frequently
used term negative Lax norm originated in the paper [L16], and the Lax–Mizohata
theorem developed from [L23]. The so-called Lax conjecture originated in [L24].
3 This

is extensively discussed in Sect. 4.
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3 Difference Approximations to Partial Differential Equations
The Lax or Lax–Richtmyer stability theorem appeared in [L17] in 1956. Those were
the early days of computer simulations of difference schemes for partial differential equations. The main question was (as it still is): Does the numerical scheme
converge to the solution? The quest for the true solution involves the application of
finer and finer resolution to improve the approximation. Is the computed approximation stable? In setting up the scheme, a first question is whether the scheme is
consistent with the underlying differential equation, i.e., does it approximate the
equation? Three notions are thus involved: Consistency, stability, and convergence.
The Lax stability theorem says that for linear initial value problems, stability is necessary and sufficient for convergence if the scheme is consistent. More precisely, we
can formulate the theorem as follows: Let A be a linear operator (involving spatial
derivation, matrix multiplications, etc.) and consider the initial value problem
ut = Au(t),

u|t=0 = u0 .

(3.1)

By a genuine solution of (3.1) we mean a one-parameter family u(t) such that



1
 (u(t + τ ) − u(t)) − Au(t) −→ 0, uniformly in t for t ∈ [0, T ].
(3.2)
 τ →0
τ
Assume that the problem is properly posed in the sense that there exists a uniformly
bounded semigroup E0 (t) such that u(t) = E0 (t)u0 is the solution, thus
E0 (t)u0  ≤ Ku0 ,

t ∈ [0, T ].

(3.3)

If E0 is defined on a dense subset of some space B, we can extend E0 to some
bounded and linear extension E that satisfies the same bound (3.3). Introduce
now a finite difference approximation. To that end let t be the time discretization parameter, and define tn = n t for n ∈ N. Write un for the approximation
to u(tn ), that is, un ≈ u(tn ). Derivatives are replaced by finite differences, e.g.,
ut (t) ≈ (u(t + t) − u(t))/ t, and similar for spatial derivatives. This turns the
differential equation into a discrete equation where the unknown function is evaluated on a lattice in space and time.4 A finite difference scheme is then a recipe that
describes how to compute the lattice-valued approximate solution. In this framework the scheme is encoded in an operator C( t) such that
un+1 = C( t)un .
We say that C( t) is consistent (with A) if



 1 


C( t) − I − A u(t)
lim 
 = 0,
t→0
t
4 An

explicit example is given in (4.9).

uniformly in t for t ∈ [0, T ].

(3.4)

(3.5)
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We say that C( t) converges to A if


C( t)n u0 − E(t)u0 

−→

t→0, n t=t

0,

t ∈ [0, T ].

(3.6)

Finally, we say that C( t) is stable if C( t)n remains uniformly bounded for n t ∈
[0, T ] and all t ≤ τ for some fixed τ . We have all the results we need to state the
Lax–Richtmyer stability theorem.
Theorem 3.1 Given the properly posed initial value problem (3.1), and a finite difference approximation C( t) to it that satisfies the consistency condition, stability
is a necessary and sufficient condition that C( t) be a convergent approximation.

4 Hyperbolic Systems of Conservation Laws
The fundamental nature of hyperbolic conservation laws can easily be seen from the
following formal derivation. Consider a conserved quantity with density u = u(x, t),
where x denotes the space variable and t denotes time. Assume that the quantity
moves with velocity v = v(x, t). Conservation yields that


d
u(x, t) dx = −
u(x, t)v(x, t) · n(x, t) dS,
(4.1)
dt 
∂
where  ⊂ Rd is some fixed domain in space with boundary ∂ and outward unit
normal n(x, t). Gauss’ theorem implies that




d
u(x, t) dx = − ∇x · u(x, t)v(x, t) dx,
(4.2)
dt 

which rewrites to






u(x, t)t + ∇x · u(x, t)v(x, t) dx = 0,

(4.3)



from which we conclude that


u(x, t)t + ∇x · u(x, t)v(x, t) = 0.

(4.4)

Making the assumption that the velocity v depends on the density solely, we introduce the flux function f (u) = uv(u) to find the hyperbolic conservation law
ut + ∇x · f (u) = 0.

(4.5)

There was nothing in the previous derivation that prevented the quantity u from being a vector, u ∈ Rn , in which case we have a system of hyperbolic conservation
laws. A particular case of these equations is the Euler equations of gas dynamics. In
spite of the fundamental nature of these equations, there is no general theory unless
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Fig. 1 The figure shows the density in a computation in magnetohydrodynamics (MHD) using the
HLL method [L126]. MHD can be described by a 9 × 9 system of hyperbolic conservation laws.
The solution of the Riemann problem is not completely known, and one has to resort to numerical
simulations

the spatial dimension equals one, d = 1, or the conservation law is scalar, n = 1. In
Lax’s words [L224] “There is no theory for the initial value problem for compressible flows in two space dimensions once shocks show up, much less in three space
dimensions. This is a scientific scandal and a challenge”. Numerical computations of
solutions of these equations are notoriously difficult due to the intrinsic occurrence
of discontinuities, denoted shocks, in the solution, even for smooth initial data. See,
e.g., Fig. 1. But [L224] “Just because we cannot prove that compressible flows with
prescribed initial values exist doesn’t mean that we cannot compute them”. Already
Riemann observed that the discontinuous solutions were physical, and could not be
dispensed with. The state of affairs in this area at the end of World War II, when
Peter Lax entered the scene, is nicely summarized in the book [10].
Thus one has to use the notion of weak or distributional solutions, and that suddenly makes uniqueness of solutions a difficult issue. We say that u ∈ L1 (R ×
[0, ∞)) is a weak solution of (4.5) with given initial data u|t=0 = u0 ∈ L1 (R) if

0

∞
R



uφt + f (u) · ∇x φ dx dt +


R

u0 φ|t=0 dx = 0

(4.6)
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for all compactly supported and smooth functions φ. Criteria to identify the unique
physical solution among the multitude of possible weak solutions are denoted entropy conditions.
One approach to resolve the uniqueness issue has been to consider the equation
(4.5) as an approximation of a model that includes diffusion. Thus one accepts as
solutions of (4.5) only those functions u that are limits of solutions u , i.e., u =
lim↓0 u , of the viscous regularization
ut + ∇x · f (u ) = 


xu .

(4.7)

Let us first discuss the Cauchy problem in the scalar case on the line, i.e., n =
d = 1, which we write as
ut + f (u)x = 0,

u|t=0 = u0 .

(4.8)

In a key paper from 1950, Hopf [36] analyzed the viscous Burgers equation, ut +
uux = uxx , i.e., the scalar one-dimensional equation (4.7) with f (u) = u2 /2, in
the inviscid limit, that is, as  → 0, and described the limit. Using the Cole–Hopf
transform, the equation could be rewritten as the heat equation. The paper by Hopf
represents the start of the mathematical theory of conservation laws, and the theory
developed rapidly in several mathematical directions in the US, the Soviet Union,
and China.
Lax introduced in [L10] what has subsequently been called the Lax–Friedrichs
difference scheme,5 which can be defined as follows. Let x, t be (small) positive
numbers, and denote the approximate solution to u at (j x, n t) by unj , i.e., unj ≈
u(j x, n t). Given a discretization of the initial data, i.e., given u0j for j ∈ Z, one
can use the recursive definition6
un+1
=
j



t 
1 n
uj −1 + unj+1 −
f (unj+1 ) − f (unj−1 )
2
2 x

(4.9)

to compute unj for n ∈ N0 = N ∪ {0} and j ∈ Z. The scheme (4.9) constitutes the
Lax–Friedrichs scheme,7 and it is stable if the Courant–Friedrichs–Lewy (CFL)
condition (see also [L55], [L204]), f  ∞ t/ x < 1, holds. Being so simple to
implement, and having been so well-studied over a period of more than half a century, it is still one of the first methods to be employed for simple numerical tests.
5 Friedrichs

had studied the same scheme for linear symmetric hyperbolic equations.

6 A straightforward Taylor expansion for smooth solutions shows that the difference scheme is con-

sistent with the differential equation. Clearly it is necessary for a difference scheme to be consistent
in order to be useable. However, it is far from being sufficient for it to converge to the right solution.
7 Peter

writes [p. 227, L203]: “Numerical experiments is the life-blood of the investigation of numerical methods. My first numerical studies of the Lax–Friedrichs scheme were done in 1954, before the advent of compilers, using von Neumann’s MANIAC at the Los Alamos Laboratory, built
under the tutelage of Nick Metropolis. It had a huge memory of 1,024 words and used punched
cards, like the voters in Palm Beach County”.
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Fig. 2 The figures show the solution of the equation ut + 12 (u2 )x + (sin u)y = 0 with initial condition as in the upper left-hand corner. In the upper right-hand corner the solution is depicted using
the Lax–Friedrichs scheme. The lower left-hand corner shows the solution using the Lax–Wendroff
scheme, and the oscillations are clearly visible. In the lower right-hand corner the solution using a
combination of the Lax–Friedrichs and the Lax–Wendroff scheme is depicted

See, e.g., Fig. 2. Of course, the theory of numerical methods for these equations
has developed dramatically over this period, and a survey of current methods can
be found in [46]. The convergence of the Lax–Friedrichs scheme was proved by
Oleı̆nik in [55] (see also [32] and [67]), in which she also introduced the Oleı̆nik
entropy condition [56], which is fundamental in all further study of asymptotic behavior of solutions of scalar conservation laws. Furthermore, she proved the convergence of the vanishing viscosity method for scalar conservation laws in one space
dimension. Extensions to several space dimensions have been given by Conway and
Smoller [9]. The proof of convergence of the Lax–Friedrichs scheme for isentropic
gas dynamics was accomplished in [6, 16–18].
The paper [L20] constitutes a cornerstone in the theory of systems of hyperbolic
conservation laws. Here Lax undertakes the first comprehensive mathematical study
of the case of systems. The first part addresses the scalar case, and we will start by
discussing that part. Here Lax derives what has later been denoted the Lax formula:
Assume that f is strictly convex and u0 is bounded. Then the weak entropy solution
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of (4.8) is given by u = vx where
v(x, t) = sup v0 (y) + tf ∗
y∈R

x −y
t

.

(4.10)

Here v0 is a primitive of u0 and f ∗ is the convex conjugate function of f (see [66,
Thm. 2.5.1]). In [Sect. 5, L20] Lax studies the asymptotic behavior as t → ∞ of
solutions of scalar conservation, both on the full line and the periodic case. This
paper was the starting point for the extensive generalization by Glimm and Lax in
their deep analysis, [L52] and [L66], of the asymptotic behavior of solutions of 2 × 2
systems of conservation laws. There has always been a strong connection between
the theory for hyperbolic conservation laws and Hamilton–Jacobi equations. The
Lax formula played a decisive role in the work of P.L. Lions, Crandall, and Kružkov
on the Hamilton–Jacobi equations.
Next, consider the case of one-dimensional systems, i.e., n > 1 and d = 1. The
seminal paper [L20] sets the stage for all subsequent development in this area; the
main concepts are introduced, and the paper culminates with the Lax theorem, i.e.,
the solution of the Riemann problem for systems of hyperbolic conservation laws
on the line. Before we can state the theorem, we have to define the basic quantities.
We consider the equation (4.5), where now u and f are vectors in Rn . The Jacobian
df (u) is an n × n matrix assumed to have, in the strictly hyperbolic case, n real
and distinct eigenvalues λj (u) (assumed ordered) with corresponding eigenvectors
rj (u), viz.
df (u)rj (u) = λj (u)rj (u),

j = 1, . . . , n.

(4.11)

The j th wave family is said to be linearly degenerate if ∇λj (u) · rj (u) = 0 and
genuinely nonlinear if ∇λj (u) · rj (u) = 0.8 Weak solutions are defined as in the
scalar case, however the question of the appropriate entropy condition is considerably more complicated for systems. Riemann analyzed in the fundamental paper
[64] the following physical problem: Consider a tube with two gases separated initially by a membrane. Removing the membrane yields a Cauchy problem with initial
data
u|t=0 = u0 =

ul
ur

for x < 0,
for x ≥ 0.

(4.12)

Here ul and ur are constants, and the unknown vector u denotes the densities of
the conserved quantities. The Cauchy problem for (4.8) with initial data (4.12) is
called the Riemann problem. In his study of the problem, Riemann also conserved
the entropy, which, while formally derivable from the conservation laws for smooth
solutions, does not hold for weak solutions, see [67, p. 264] and [L165]. It was in
[L20] that a complete solution was first given in the case of small initial data. There
8 Both cases occur for the Euler equations. Systems where a wave family changes from linearly
degenerate to genuinely nonlinear, are not discussed here.
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are several classes of solutions, and the full solution of the Riemann problem is
composed of so-called simple waves. A shock solution has the form
u(x, t) =

ul
ur

for x < st,
for x ≥ st,

(4.13)

where the velocity has to satisfy the Rankine–Hugoniot relation
s(ur − ul ) = f (ur ) − f (ul ),

(4.14)

in order to be a weak solution.9 However, shocks are abundant, and additional requirements are needed to eliminate unphysical solutions. Lax gave the correct entropy condition, now denoted the Lax entropy condition, which states that (4.13) is
a j entropy shock if the inequalities
λj −1 (ul ) < s < λj (ul ),

λj (ur ) < s < λj +1 (ur )

(4.15)

hold. Such shocks are denoted Lax shocks. Furthermore, in addition to shock solutions, the Riemann problem (4.12) may, in the genuinely nonlinear case, have
continuous solutions called rarefaction waves. These are solutions of the form
⎧
⎪
for x ≤ λj (ul )t,
⎨ul
u(x, t) = w(x/t) for λj (ul )t < x < λj (ur )t,
(4.16)
⎪
⎩
for x ≥ λj (ur )t,
ur
where the function w = w(ξ ) satisfies
ẇ(ξ ) = rj (w(ξ )),

∇λj w(ξ ) · ẇ(ξ ) = 1.

(4.17)

In the case of a linearly degenerate wave family, we only have discontinuous solutions, denoted contact discontinuities, that equal10
u(x, t) =

ul
ur

for x < st,
for x ≥ st,

(4.18)

where the speed s satisfies the Rankine–Hugoniot condition, and we have s =
λj (ul ) = λj (ur ). Shocks, rarefaction waves, and contact discontinuities constitute
the simple waves, and the solution of the Riemann problem is a concatenation of
simple waves. We can now state the Lax theorem.
Theorem 4.1 Assume that the system (4.8) is strictly hyperbolic and that each wave
family is either genuinely nonlinear or linearly degenerate. Consider a ul ∈ Rn .
9 This

relation simply states that conservation holds across discontinuities.

10 Contact

discontinuities look like shocks, but they do not satisfy the Lax entropy condition.
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Then there exists a neighborhood  of ul such that for each ur ∈  the Cauchy
problem with initial data (4.12) has a unique weak solution consisting of up to n + 1
constant states separated by shocks, rarefaction waves and contact discontinuities.
This theorem is still as central in the theory of conservation laws now as it was
half a century ago. Furthermore, Lax provides a comprehensive study of the notion
of Riemann invariants in [L20].
In the pioneering paper [L75], published in a conference proceedings, Lax takes
a novel and penetrating look at entropies. He says that a convex function U (u) is an
entropy for the system (4.8) if all smooth solutions satisfy another conservation law
of the form
U (u)t + F (u)x = 0.

(4.19)

A necessary and sufficient condition for this is that
Uu f u = F u ,

(4.20)

which is an underdetermined system for n = 1, determined for n = 2, and overdetermined for n > 2 (however, for compressible flow it does have a solution). Let us
introduce a dissipative regularization
ut + f (u )x = uxx .

(4.21)

Multiply this with Uu and rearrange to find
U (u )t + F (u )x = (U (u )xx − ux U (u )uu ux ) ≤ U (u )xx ,

(4.22)

using that U was assumed to be convex. Let  → 0, assuming u → u strongly,
which yields
U (u)t + F (u)x ≤ 0

(4.23)

weakly. We say that u is a weak entropy solution if (4.23) is satisfied for all convex
entropies U . In the scalar case in several space dimensions, Kružkov [45] had shown
that it sufficed to consider the family of entropies U (u) = |u − k| for all k ∈ R,
in which case F (u) = sgn(u − k)(f (u) − f (k)). Observe that (4.23) introduces a
direction of time, and makes the solution time irreversible, which is in contrast to
the situation for linear systems. Next, Lax applies the same approach to difference
schemes in a way that turned out to be instrumental in the further development of
numerical schemes by, e.g., Wendroff, Harten, Hyman, Osher, Majda, Engquist, and
Tadmor.
In [L29], Lax establishes with Wendroff what is now known as the Lax–Wendroff
theorem: Consider an approximate solution v to the solution u of (4.8) computed by
a conservative and consistent finite difference scheme with discretization parameters
t and x. Assume that as t, x → 0 the approximation v converges boundedly
almost everywhere to some function u. Then u is a weak solution of (4.8).
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In [L29] and a subsequent paper [L43], Lax and Wendroff analyze what is now
known as the Lax–Wendroff difference scheme (see Fig. 2), which is a second-order
scheme. Convergence of the scheme is proved in [7].
There has of course been an extensive development in the mathematical theory for systems of hyperbolic conservation laws since Lax’s landmark solution of
the Riemann problem. Most prominent is Glimm’s solution of the general Cauchy
problem by the random choice method in the case of small variation in the initial
data [34] (see also [L116] and [L198]). Indeed to solve the Cauchy problem, one
makes a piecewise constant approximation of the initial data, turning it into a multiple Riemann problem. In order to be able to apply Lax’s theorem, each jump has
to be small, implying the restriction of small total variation. The restriction of small
total variation is, except for special systems, a deep part of the theory, and intrinsically linked with hyperbolic conservation laws. The question of uniqueness of the
weak entropy solution and the existence of a continuous semigroup of a system of
hyperbolic conservation laws on the line remained open for a long time, and it was
only fairly recently resolved by Bressan et al. [4] (see also [11] and [35] for a survey) using the method of (wave) front tracking. Finally, the proof of convergence
of the viscous limit for systems of hyperbolic conservation laws was obtained by
Bianchini and Bressan [3]. Thus one can say that with these results, the theory for
solutions with small total variation of systems of hyperbolic conservation laws on
the line has become mature. A comprehensive survey of the current state of affairs
can be found in [11].
Speed depends on size
Balanced by dispersion
Oh solitary splendor
P ETER D. L AX

5 Integrable Systems
Most surveys on integrable systems start with the story of the Scottish engineer John
Scott Russell and his discovery of solitary waves in the canals outside Edinburgh in
1834. We refer to [5] for the historical background, and we enter the history at a
later stage. In 1895, Korteweg and de Vries derived a nonlinear partial differential
equation, now universally known as the KdV equation,11 that models surface waves
in shallow water, and that described the phenomena observed by Scott Russell. Furthermore, they showed that the equation had soliton solutions, a term coined by
Zabusky and Kruskal [73] in 1965.
The landmark paper in the theory of integrable systems is the Gardner, Greene,
Kruskal, and Miura paper [30] from 1967 where they solve the KdV equation
ut − 6uux + uxxx = 0,
11 The

u|t=0 = u0

KdV equation had already been derived in 1871 by Boussinesq, see [61].

(5.1)
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by the inverse scattering
 transform (IST). We can describe the IST as follows. Given
initial data such that R (1 + x 2 )|u0 (x)| dx < ∞, assume that u = u(x, t) is a solution of the KdV equation. We consider the second order ordinary differential operad
) where t acts as a parameter, and where
tor12 L(t) = −D 2 +u(x, t) (writing D = dx
u(x, t), called the potential, is the solution of the KdV equation. For L(t) one computes the forward (direct) scattering data, that is, the reflection coefficient R(k, t),
transmission coefficient T (k, t), the (negative) eigenvalues λ1 (t), . . . , λn (t), and the
(positive) norming constants c1 (t), . . . , cn (t) of appropriately chosen eigenvectors
that are square integrable. When the potential u(x, t) satisfies the KdV equation,
these quantities have an amazingly simple and explicit behavior in the t-variable:
3

R(k, t) = R(k, 0)e8ik t ,
λj (t) = λj (0),

T (k, t) = T (k, 0),
cj (t) = cj (0)e4(−λj

(5.2)
)3/2 t

,

j = 1, . . . , n.

Thus the IST works as follows: Compute the forward scattering data for the initial
data, let the scattering data evolve in t according to (5.2), and use inverse scattering to determine the potential u(x, t), which then is the required solution of the
KdV equation. For the inverse scattering one has the very powerful machinery of
Marchenko. It was known that the KdV equation possessed multi-soliton solutions,
i.e., localized solutions that interacted almost particle-like, and that the KdV equation had infinitely many conserved quantities. See, e.g., [29, 31].
A big question mark with the IST was the relationship between the KdV equation and the linear ordinary differential equation. Shortly after the IST appeared in
[30], Lax published [L60] where he introduced what ever after has been called the
Lax pairs that unveiled the underlying mechanism for the series of coincidences that
appeared for the KdV equation. The key derivation is so short that we can reproduce
it here. Consider a one-parameter family u(t) of functions in a space B, and suppose that to each u ∈ B we can associate a self-adjoint operator L(u) such that if u
satisfies the evolution equation
ut = K(u),

(5.3)

the operator L(u(t)), which we for brevity denote L(t) = L(u(t)), remains unitarily
equivalent. The unitary equivalence implies the existence of a unitary operator U (t)
such that
U (t)−1 L(t)U (t)

(5.4)

is time independent. Taking the time derivative in (5.4), we infer
−U −1 Ut U −1 LU + U −1 Lt U + U −1 LUt = 0.
12 We

(5.5)

recognize this operator as the one particle Schrödinger Hamiltonian in nonrelativistic quantum mechanics, but this aspect plays little role in the following except for the fact that the operator
has been extensively studied.
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A one-parameter family U (t) of unitary operators satisfies
Ut = P U

(5.6)

for some anti-symmetric operator P = P (t). Rewriting (5.5) we find the Lax relation
Lt = [P , L]

(5.7)

How does this relate
where [ · , · ] is the commutator and L, P is the Lax
to the KdV equation? First of all, we have K(u) = 6uux − uxxx . In [30] Gardner,
Greene, Kruskal, and Miura had discovered that if u satisfies the KdV equation, then
the eigenvalues of the linear operator L = −D 2 + u remain invariant with respect to
time. Defining the operator
pair.13

P = −4D 3 + 3uD + 3Du,

(5.8)

a simple computation reveals that
Lt − [P , L] = ut − 6uux + uxxx ,

(5.9)

which is nothing but the KdV equation, rather than a complicated fifth order differential operator. Considerable guesswork was involved here: Given a nonlinear
partial differential equation (the KdV equation), could one find a linear operator L
and an antisymmetric operator P such that the Lax relation (5.7) is equivalent to the
equation itself? In 1972, Zakharov and Shabat showed [75] that also the nonlinear
Schrödinger equation possessed a Lax pair, and with a different associated linear
operator. This was important because it showed that the Lax pair was not an artifact of the KdV equation, but could eventually be applied to other nonlinear partial
differential equations as well. Shortly thereafter, they introduced the method of zerocurvature equations [76, 77], as another means to establish complete integrability. In
the zero-curvature formalism one considers a vector-valued function  = (x, t, λ)
(where λ is a spectral parameter), denoted the Baker–Akhiezer function, that simultaneously satisfies two ordinary differential equations
x = U ,

t = V 

(5.10)

for given matrices U = U (u, λ) and V = V (u, λ). The equality of mixed derivatives,
i.e., xt = tx , implies that
Ut − Vx + [U, V ] = 0,

(5.11)

which is the zero-curvature relation. The aim is to construct matrices U and V in
such a way that (5.11) reduces to a given partial differential equation. In the case of
13 We

follow Gel’fand and write P (Peter) and L (Lax) for the Lax pair. In [L60] Lax used B to
denote the operator P .
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the KdV equation, one choice is
U=

0
− 14 λ + u

1
,
0

V=

−ux
(− 14 λ + u)(λ + 2u) − uxx

λ + 2u
ux

(5.12)

such that
Ut − Vx + [U, V ] =

0
ut − 6uux + uxxx

0
= 0,
0

(5.13)

which is equivalent with the KdV equation. The discovery of the Lax pair and the
zero-curvature formalism started an immense race to study the key equations of
mathematical physics to decide if they are completely integrable in the sense of existence of Lax pairs or zero-curvature formalism. By now many of the main equations
have been determined to be completely integrable, e.g., the nonlinear Schrödinger
equation, the sine-Gordon equation, the AKNS system (developed by Ablowitz,
Kaup, Newell, and Segur), the modified KdV equation, the Kadomtsev–Petviashvili
equation, the Boussinesq equation, the Thirring equation, the Camassa–Holm equation, the Toda lattice, the Kac–van Moerbeke lattice, and the Ablowitz–Ladik system, and an inverse scattering transform formalism has been set up for each of them.
In the very same paper [L60], Lax observes that the operator B is not the unique
antisymmetric operator with the property that Lt − [B, L] is a pure multiplication
operator (as opposed to a differential operator); by carefully constructing odd order differential operators B2n+1 , Lax could construct a hierarchy (now called the
Lax hierarchy for the KdV equation) of nonlinear partial differential equations with
similar properties to the KdV equation, for instance, the whole hierarchy possesses
a Hamiltonian structure, as proved by Zakharov and Faddeev [74] for the KdV equation. The Lax hierarchy was the starting point in establishing the very rich connections between nonlinear partial differential equations and algebraic geometry. See,
e.g., [2, 33, 54] for a survey. It is difficult to overestimate the importance the notion of Lax pairs;14 hardly a paper can be written on integrable systems without
describing its Lax pair or its zero-curvature formulation.15
In papers [L89] and [L91], Lax studies periodic solutions of the KdV equation.
He constructs a large family of special solutions, periodic in x and almost periodic in t, and study their behavior. His methods were direct, using only calculus
in function spaces, properties of the Lax hierarchy, and the existence of infinitely
many conserved quantities, thereby revealing many of the fundamental properties
of completely integrable systems. This was in a period of very rapid development,
and where the powerful machinery of algebraic geometry was applied to these equations. We refer to papers by Dubrovin and Novikov [19–22, 52, 53], Its and Matveev
[41, 42], and McKean and van Moerbeke [50].
14 In

Lax’s own words [p. 234, L203] “[Lax pairs] occur in surprisingly many contexts”.

15 An

unscientific and informal indication of the importance is given if you google on “Lax pair”,
you come up with more than 25,000 hits (Jan 25, 2008).
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The Lax–Levermore theory ([L128], [L129], and [L130], and announced in
[L112]) concerns the vanishing dispersion limit of the KdV equation, and its represents a landmark in our understanding of dispersive waves and the inverse scattering transform. In the words of P. Deift [p. 611, L215] “The papers by Lax and
Levermore constitute one of the earliest successes in turning the inverse scattering
transform into a tool for detailed asymptotic analysis”. We have seen above that if
one considers the inviscid limit of the viscous Burgers equation ut + u ux = uxx ,
that is, consider the limit u = lim→0 u , one gets the correct entropy solution of
ut + uux = 0. The Lax–Levermore theory deals with the same question when one
replaces the viscous regularization of the inviscid Burgers equation by the dispersive regularization (which then is the KdV equation). Thus we are interested in the
weak limit  → 0 of solutions of
ut − 6u ux + uxxx = 0

(5.14)

with initial data u|t=0 = u0 .
It is rather straightforward to see that the weak limit of the vanishing dispersion
equation cannot equal the weak limit of the vanishing diffusion equation. We follow
the argument of [L155]: Denote by ū the weak limit of u , the solution of (5.14), as
 → 0. If we rewrite (5.14) in conservative form, it reads


(5.15)
ut − 3 (u )2 x + uxxx = 0.
The first and the last term have weak limits equal to ūt and zero, respectively, and
hence the middle term has a limit as well, which we write as
u2 = w-lim→0 (u )2 ,

(5.16)

ūt − 3u2 x = 0.

(5.17)

implying that

It is known that if the limit is weak, but not strong we have
u2 > ū2 .

(5.18)

ūt − 3((ū)2 )x = 0,

(5.19)

Inserting this into (5.17) we see that

unless u2 differs by ū2 by a constant, which can be ruled out by a separate argument.
The question of the behavior of the vanishing dispersion limit turned out to have a
highly nontrivial and very interesting answer using the inverse scattering transform
for the KdV equation.
Recall that the scalar conservation law ut − 6uux = 0 develops singularities, or
shocks, in finite time for generic smooth initial data. The first result says that for
times before singularities occur, we have that u converges to u, the solution of
ut − 6uux = 0. However, for times after the classical solution ceases to exist, new
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phenomena occur. Lax and Levermore show that u converges weakly to ū, i.e.,
u  ū, in L2 (R), where
ū = ∂xx Q∗

(5.20)

Q∗ (x, t) = min Q(ψ; x, t).

(5.21)

with Q∗ = Q∗ (x, t) determined by
0≤ψ≤φ

The function φ equals

φ(η) = Re

η
dy
(−u(y) − η2 )1/2

(5.22)

and Q(ψ; x, t) is a complicated, explicitly given, function that is linear in x and t
while quadratic in ψ . The function u0 ∈ C 1 (R) is assumed to be nonpositive, and
have finitely many critical points. Venakides [69] has extended the theory to include
positive initial data. The periodic case is treated in [70] and [71]. The fact that u0
is nonpositive is used to replace it by another function u0 with vanishing reflection
coefficient and such that u0 → u0 in L2 (R) as  → 0. A nice survey of the theory
up to 1993 can be found in [L171].
A major step forward was taken when Deift and Zhao [14] developed a novel
steepest-decent method for Riemann–Hilbert problems with oscillatory coefficients.
Shabat had observed that the inverse scattering transform could be viewed as a
Riemann–Hilbert problem. This paved the way for the important result by Deift,
Venakides, and Zhao [13] where they applied the results of [14] to determine all
coefficients in the asymptotic expansion.
The Lax–Levermore–Venakides theory has also been employed in a number of
problems involving asymptotic analysis, we here mention the following: the semiclassical limit of the defocusing nonlinear Schrödinger equation [43], the Toda
shock problem [72], the continuum limit of the Toda lattice [12].

6 Lax–Phillips Scattering Theory
The collaboration of Lax and Phillips started in 1960 and lasted for over 30 years.
It rivals any of the great mathematical collaborations of the 20th century. It had
been suggested to both of them on different occasions that theirs was a lot like
the Hardy–Littlewood collaboration and in both cases the immediate response was
which of them was Hardy and which Littlewood? The primary focus of their joint
works is the study of solutions to the wave equation in geometric settings, specifically unbounded domains in Euclidean spaces and on hyperbolic manifolds of finite
and infinite volume. Their analysis introduced a mixture of tools from linear hyperbolic partial differential equations, functional analysis and the lovely interplay of
these with the geometry of the domain. This continues today to be a central topic in
geometric analysis.
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The starting point of their collaboration is the paper [L32] establishing the decay
of energy for solutions to the wave equation in the exterior of a smooth bounded
domain O in R3 . Moreover they show that asymptotically the solutions behave like
solutions to the wave equation in free space. This was followed by the joint paper
[L33] with Morawetz in which they show in the exterior of a convex domain, that
locally the energy decays exponentially as t goes to infinity. These papers contain
the elements of the abstract, time dependent, scattering theory developed by Lax
and Phillips. This theory is similar in spirit to the abstract spectral theorem but it
takes into account via its “incoming and outgoing” subspaces and corresponding
completeness statements, the geometry at infinity which is critical to the understanding of the finer features of solutions to the wave equation. A comprehensive
treatment of their Euclidean Scattering Theory is given in their well known monograph [L53]. The revised edition of [L53] from 1989 contains an up-to-date epilogue
with a wealth of information about recent developments stemming from their earlier
works. In their paper [L42] one finds far-reaching insights and Conjectures about the
relation between the motion of rays in the exterior of the obstacle O and the distribution of the scattering poles. The latter are identified in terms of the eigenvalues
of the fundamental compact (not self-adjoint) operator B which is the infinitesimal
generator of the semi-group Z(t) associated with the abstract setup of the scattering
problem. O is said to be non-trapping if there is a ball C in Rn containing O and
a time t0 such that any ray entering C and obeying linear motion outside of O and
standard reflection on hitting O, exits C within the time t0 . A basic conjecture put
forth in [L42] is that the semi-group Z(t) is eventually compact (which is equivalent to the imaginary parts of the poles of the scattering matrix tending to infinity)
if and only if O is non-trapping. If O is trapping this conjecture was established
by Ralston [63]. In the other direction Ludwig and Morawetz [47] established the
Conjecture if O is convex. After progress on some other special cases the general
case of the Conjecture was proven by Melrose in [48]. His work makes use of the
modern machinery of propagation of singularities for hyperbolic equations and related microlocal analysis. Not coincidentally this modern theory [39] has its roots
in Lax’s 1957 paper [L23] mentioned in Sect. 2.
A further study of the distribution of the poles of the scattering operator is contained in [L61], in analogy with the well studied Weyl Law for the counting of
eigenvalues of the Laplacian on a compact domain. However unlike that case the
poles here are not confined to lie on a line and this complicates the problem considerably. Lax and Phillips determine the order of magnitude of the number of purely
imaginary poles. More recently Melrose and Zworski [49, 78] have estimated the
number of poles in a large ball while Ikawa [40] gives a precise description of the
location of the poles near the real axis in the case that O consists of two convex
bodies containing an unstable ray between them. All of these topics remain active
areas of investigation even today.
Faddeev and Pavlov [27] observed that Lax and Phillips’s abstract set up for scattering theory in Euclidean spaces is also well suited in the context of non-compact
but finite area hyperbolic surfaces. This led Lax and Phillips to develop their theory in this context and the outcome was a series of far-reaching papers on this and
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related topics. The corresponding spectral theory for finite volume hyperbolic manifolds is due to Selberg [65]. His main results being the analytic continuation of
Eisenstein series and the development of the trace formula. In [L77] and [L91],
Lax and Phillips develop their scattering theory approach for the continuous spectrum on these manifolds. Their method is based on their semi-group Z(t) and its
infinitesimal generator B. It yields a short and conceptual proof of the analytic continuation of the Eisenstein series. It also identifies the poles of the latter in terms
of the eigenvalues of the compact operator B. This is particularly well suited for
studying the behaviour of these poles when the surface is deformed. The Lax and
Phillips theory was used in [62] as a basis for such a study. The cut-off Laplacian
(associated with a cusp of the manifold) was introduced in the monograph [L77] and
in the hands of Colin de Verdiére [8] and Müller [51], it is a fundamental tool in the
proof of the trace class conjecture for the spectrum of a general locally symmetric
space.
Papers [L103] and [L115] and the series [L116], [L127], [L128], [L134] are
concerned with the Radon transform in non-Euclidean spaces, and related Paley–
Wiener theorems. These are developed in order to carry out their scattering theory
for infinite volume but geometrically finite hyperbolic manifolds. Prior to these papers little was known about these. For the case of surfaces Patterson [57–59] developed the spectral theory but his methods were limited to two dimensions. Lax
and Phillips establish the basic properties of the spectrum, that is, the finiteness of
the point spectrum below the continuous spectrum and the absolute continuity of the
rest of the continuous spectrum. Their series of papers on translation representations
for solutions of the wave equation for these manifolds yield a complete spectral and
scattering theory. They stop short of obtaining a trace formula in this context. One
may view the more recent work [60] as a substitute for the trace formula in this
infinite volume context.
The paper [L116] investigates the analogue of the well known problem of Gauss
of counting asymptotically the number of lattice points in a large circle, in the context of Euclidean and hyperbolic spaces. It was shown by Delsarte [15] some time
ago that for the case of the hyperbolic plane with a co-compact lattice acting isometrically, the spectrum of the Laplacian on the quotient can be used to obtain the
leading term of the count of the number of lattice points in a large hyperbolic disk.
In [L116], Lax and Phillips use the wave equation and their theory to obtain the
asymptotics of lattice points in a large ball, for any geometrically finite group. The
remainder term that they obtain for this count is the sharpest such result known in all
cases. Before their work, Selberg in unpublished work had obtained similar results
in the finite volume case. These counting problems can be generalized to other symmetric spaces and have Diophantine applications. This is an active area of current
research (see, for example, [25] and [28]).
More recently in papers [L195], [L199] and [L200] with Francsics, Lax gives an
explicit fundamental domain for the Picard group in SU(2, 1). This opens the way
for a numerical as well as a concrete investigation of the spectral theory of such
quotients.
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To end this brief survey of Lax’s work in scattering theory and functional analysis
we mention his 2002 text Functional Analysis, [L187]. There are many good texts
on this subject, however this one with its many examples, enticing applications and
clear development of the theory, is a classical. It gives students and researchers an
excellent opportunity to learn this basic subject from one of its masters.
Acknowledgements HH is grateful to Nils Henrik Risebro for providing the figures, and to
Constantine Dafermos, Fritz Gesztesy, Harald Hanche-Olsen, and Kenneth H. Karlsen for careful
reading of the manuscript
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